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1 Introduction 

Let M be a Riemannian manifold of dimension n > 2. Consider the semi- 
linear elliptic equation 



where (p is a complex-valued function on M. This equation is the Euler- 
Lagrange equation for the functional 



The equation (1) has been studied by many authors, including F. Bethuel, 
H. Brezis and F. Helein [2], F.-H. Lin 11111111, and R. Jerrard and H. M. 
Soner jlUl lllj . The corresponding Schrodinger and wave equation were stud- 
ied by J. Colliander and R. Jerrard fi, 9^ and by F.-H. Lin, J. Xin, and P. 
Zhang jl9|l2()j. While these results are mainly devoted to the case n = 2, the 
higher-dimensional situation has been studied by F.-H. Lin and T. Riviere 
HBl and F. Bethuel, H. Brezis and G. Orlandi 0. 

An important problem is to describe the behavior of the solutions as e — s- 0. 
Suppose that is a sequence of complex- valued functions on M such that 



where Ej ^0. Then there exists a closed set S of Hausdorff codimension 2 
and a harmonic map (/>oo : M\S ^ such that (pj (p oo on M \ S . In 
particular, if M has dimension 2, then the set S is finite, and its cardinality 
is given by the degree of cpj . 



(1) 




d*d<t>, = ^{i-\4>j\')^j 
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In higher dimensions, it follows from results of F.-H. Lin and T. Riviere jlSj 
and F. Bethuel, H. Brezis, and G. Orlandi that the vortex submanifold 



S is stationary in the sense that its generahzed mean curvature is equal to 0. 



In this paper, we study the converse problem. To this end, we consider a 
smooth minimal submanifold S of codimension 2. Our aim is to construct 
solutions of the Ginzburg-Landau equations 



d*FA = ^ icj> DA(f> - (t> DA(t>) (2) 



and 



D\DA<t>=^{l-\<t>\^)4>. (3) 

Here, A is a connection on a complex line bundle L over Af, and ^ is a 
section of L. A pair {A, (f) satisfies (2), (3) if and only if {A, </>) is a critical 
point of the Ginzburg-Landau functional 

EM, </>) = ^ {e^ \Fa? + \DA<t>? + ^ (1 - 101')') • 

In dimension 2, Bogomol'nyi observed that the Ginzburg-Landau functional 
has a lower bound which depends only on the degree of the line bundle L. 
This is a consequence of the identity 

E,{AA)= [ (e*{iFA)-^{l-\^\^)Y + 2 [ |^A0p + 27rci(L). 
Prom this it follows that 

E,{A,(I^) > 27rci(L) 
with equality if and only if [A, 0) is a solution of the vortex equations 

e*{iFA) = ^^{l-\cP\') (4) 

and 

Ba^P = 0. (5) 

In particular, if {A, cf)) satisfies the vortex equations, then we have the iden- 
tity 

This relation will play an important role in our subsequent arguments. 
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The equation (1) can be viewed as a simplified version of the Ginzburg- 
Landau equations (2), (3). The Ginzburg-Landau equations play an im- 
portant role in mathematical physics, where they arise in the mathematical 
description of superconductivity. They have been studied intensively, in 
particular by A. Jaffe and C. H. Taubes [HlEJj. S. Bradlow [U 13 general- 
ized the vortex equations (4), (5) to holomorphic vector bundles over Kahler 
manifolds. 

The following result shows that every nondegenerate minimal submanifold 
of M can be obtained as the limit of a family of solutions of the Ginzburg- 
Landau equations. 

Theorem 1.1. Let M he a Riemannian manifold of dimension n, and let 
S be a nondegenerate minimal submanifold of dimension n — 2. Then the 
Ginzburg-Landau equation has a solution for all < e < Eq. The solutions 
satisfy 

\Fa\^ + \DAct>? + 4^ (1 - \^?f - 

as e ^ 0. Moreover, the first Chern class of L is the Poincare dual of the 
homology class of S. 

A related result was established by C. H. Taubes [2H1 1201 for the Seiberg- 
Witten equations on symplectic 4-manifolds. In this case, every pseudo- 
holomorphic curve can be approximated by a sequence of Seiberg-Witten 
solutions with parameters — > oo. 

A similar approach is used in a recent work of F. Pacard and M. Ritore [ISj 
which relates constant mean curvature hypersurfaces to the theory of phase 
transitions. 

Moreover, T. Ilmanen [7j proved that Brakke's motion by mean curvature 
is given by the limit of a sequence of solutions to the Allen-Cahn equation. 

In Section 2, we recall some results about the linearized operator on M^. In 
particular, the kernel of the linearized operator on is isomorphic to the 
space of parallel vector fields on M? (see and ^| for details) . 

In Section 3, we study the mapping properties of a model operator on the 
product manifold M"^^ x M^. 

In Section 4, we construct a family of approximate solutions of the Ginzburg- 
Landau equations. More precisely, given any normal vector field v satisfying 
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we construct a pair {A, cp) such that 
for some fi > 0. Here, the weighted Holder space C]i^e{M) is defined by 



< C 

CleiM) 



= sup e s 

^ M(diBt(pi,S)+dist(p2,S)) Ittfpi) - n(p2)l 
+ sup £^e 2e i— L. 

dist(pi,p2)<£ dlSt(pi,p2)^ 

Moreover, we define 

Wia, f)\\clAM) =^l|a|lc;i,,(M) + WfWcj.^m- 

In Section 5, we derive uniform estimates for the operator Lg = Lg + T^T*. 
Here, is the hnearization of the Ginzburg-Landau equations at an ap- 
proximate solution {A,(f)). Moreover, the operator is defined as 

T^u = (- du, — (bu) 
for u = —u. Its adjoint is given by 

The additional term T^T* is necessary, because is not an elliptic operator. 

To derive uniform estimates independent of e, we need to restrict the oper- 
ator Lg to a subspace £'^,£(M) C C^^£{M). A pair (a, /) belongs to £'^,£(M) 
if ' ' 

for all X G 5 and w G NSx- 

In Section 6, we apply the contraction mapping principle to deform the 
approximate solution (A, 0) to a nearby pair (A, 0) such that 

(I-P) {d*F^-^ i^Dj4,-4>Dj)+^ du, D\D^4>-^ 4^--Ju) = 0. 

Here, (I — P) is the fibrewise projection from C^£(M) to the subspace 

£le{M). 
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a\ 



|2 



In Section 7, we show that the glueing data can be chosen such that the 
corresponding pair {A, 0) satisfies the balancing condition 

f{d*F^-^ i4>D^-4,D^4>)+^ du, D*^Dj-^ ^-1 0^) = 0. 

This last step of the proof uses the invertibility of the Jacobi operator of S. 

2 The kernel of the Unearized operator on M? 

In this section, we study the linearized operator on M?, in particular its 
kernel. To this end, we define an inner product on the space of pairs (a, /) 

by 

((ai,/i),(a2,/2))= / s^ai,a2)+ [ (/i,/2). 
Then the linearized operator on M? satisfies 

{L,{aJ),{a,f))= [ |e*d(ia) + l(V^7 + V^/)|V2 / 1^^/ + ^^ 

where 

a = ai + ia2 
denotes the (0, l)-parts of a. This implies 

da = ^ {di - 182) (ai + 102) 

i 1 
= 2 (^i«2 - ^201) + - {diai + ^202) 

= \ *d{ia) - ^ d*a. 
We define an operator : QP{R'^, iR) n^{R'^, iR) © n^{R'^, L) by 

T^u = i- du, — ihu) 
^£ e ' 

for u = —u. Its adjoint is given by 

T;(a,/) = ed*a + ^(V^7-V^/). 
This implies 

(r,r;(a,/),(a,/))= / \sd*a + ^i^7-^f)\\ 
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Thus, we conclude that 

(L,(G,/) + r,r;(a,/),(a,/)) 

= / \e*d{ia)-ed*a + ^{^J + ^f)-^{^J-i^f)\' + 2 [ \^Bf + \^Paf 

Jr2 IE IE ' ' 2 ' 

In particular, the sum 

Le + TeT^ : 17i(M^iM) eJ7°(M^L) ^ iM) 1]°(M^ L) 

is an elliptic operator. 

Proposition 2.1. The kernel of the operator + T/^T* is a vector space 
of real dimension 2. It consists of all pairs of the form {Fb{w, •), Db,w'^), 
where w is a fixed vector in M? . 

Proof. Suppose that (a, /) satisfies the equation 

L,(a, /) + r,r; (a, /) = o. 

This implies 

Eda + -^ipf = 



and 



dsf + ^ V'o = 0. 



The set V of pairs (a, /) satisfying these conditions is a vector space of real 
dimension 2 (see, for example, 0). We claim that the pair 

a = Fb{w, •) 

and 

/ = Db,wiP 
belongs to V. Using the identity 

E*iiFB) = y^{l-\^\'), 

we obtain 

E *d{ia) + ^(V'/ + V'/)=e *d{iFB{w, •)) + ^ {i/j Db^w^I^ + 4^ Db,wiP) 

= Ed^*{iFB) + ^d^\^\^ 
= 
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and 



sd*a+-{^Pf-i;f) = -e id*FB){w) + - (V' Db,u,^ - V' 



Moreover, we have 

dsf = dBDB,wi> = dBDB,wi^ - DB,wdBi> = - ^aip. 
This proves the assertion. 



3 The model problem on X 

In this section, we consider a complex line bundle L over the product 
R""^ X R^. Let i? be a connection on L and let ijj be a section of L. We 
assume that the pair [B, tp) is invariant under translations along the R""^ 
factor and agrees with the one- vortex solution along the factor. 

As in Section 2, we consider the inner product 

((ai,/i),(a2,/2))= / £2(ai,a2)+/ (/i,/2). 

Then the linearized operator satisfies 

(L,(a,/),(a,/))= / ie^\daf + \DBf\^) 

+ 2 f {{DB^,af) + {a4^,DBf)) 

+ / \af + lRe(^/)2 - i (1 - IV'I') I/I')- 



As in Section 2, we define an operator : n^{W-'^ x R^, iR) ^^(R'^-^ 
iR) e O0(R"-2 X R^ L) by 

T^u = (- du, — ibu) 
for u = —u. Its adjoint is given by 

T:{a,f) = ed*a + ^{iP7-lpf). 
This implies 

(T,T;(a,/),(a,/))= / ed*a + ^{il;J-lpf) 

J]R"-2xIR2 ^£ 
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Therefore, we obtain 

{L,{a,f),iaJ)) + {T,T:ia,f),{a,f)) 

= f {e^\da\^ + £^\d*af + \DBf\'') 

+ 2/ i{DBi^,af) + {ai;,DBf))-2 [ {d*ai;,f) 

+ / (|^P|a|2 + lRe(?/f + llm(^/)2--l^(l-H2)|/rt 

= / (£2|da|2 + £2|d*a|2 + |L»B/|2) 

iM"-2xM2 

+ 4/ {DB^,af) 

J]R"-2xIR2 

+ / (H'laP + ^IV'Pl/P-^a-IV'P)!/!')- 

Prom this it foUows that 

L,(a, /) + T,T*{a, f) = (v*Va - ^ (:D^/ - L>bV'7) + ^ 1^1' «, 

Z)|jZ)b/ - 2 * (a a *Db^P) + ^ 1^1' / - ^ (1 - I^P) 

for a G ^ ]R2^i]R) and / G J^°(M"-2 x R'^,L). For abbreviation, let 

= + TeT*. Note that 

^ J^^(M"-2 X zM) © J^°(R'*-2 X L) 
is an elUptic operator. 

We define the weighted Holder space C^,e(M""^ x M^) by 

II'"IIc;i,e(ir"-2xm2) 



sup e s p(ar, ?/)| 



+ sup e"^ e 2£ 



M(|yil+li<2l) \u{xi,yi) - u{x2,y2)\ 



\xi-X2\+\yi-y2\<e il^l - + \yi - y2\y- 

More generally, let 



I"IIC^'?(M"-2XM2) - l|Vw||c7^(Kn-2x]R2). 

/=0 



Furthermore, we define 

||(a,/)|lc^.T'(]Kn-2xR2) = ^ II « I Ic^.T' (R"-2 xR2) + II / llci'?(R"-2 > 



8 



Let £:^;2'(M"-2 X be the set of all pairs (a,/) G x R^zR) 

J^0(R"-2 X R2,L) such that (a, /) G C^;J(R"-2 x R^) and 

2 

i{x}xR2 ^ J{a;}x]R2 

for all X € W''^ and all u; G R^. 

Proposition 3.1. The operator maps £:^;2'(R"-2 x R^) into £^,e{M.'^~'^ x 
R2). 

Proof. It is obvious from the definition that Lg maps C^'J(R"-2 x R^) into 
C^,£(R"-2 X r2). We now assume that (a, /) G C^;I(R"-2 x R^) satisfies 

/ e^{a,FBiw,-))+ [ (/,Z)b,^V) = 

for all X G R""^ and all u; G R^. Taking derivatives in horizontal direction, 
we obtain 

» 2 n-2 „ 

Furthermore, integration by parts gives 

» 2 2 

r ^ 

J{x}xM? ^ 
^{a;}xK2 J{a;}xR2 

- / (IVP (a, •)) + ^ IV'P (/, Db,^^^) - ^ (1 - IV'I') (/, 

» 2 2 

+ / Y.^f^DB,e^DB,,^DB,^^) 

- 2 / (L>s V, a DB,y,i^) - 2 / (Ds V, FB{w,-)f) 

J{x}xR'^ J{x}xR2 

- / (iV'P (a, •)) + ^ IV'P (/, - i (1 - IV'P) (/, 
^{i;}xiR2 V e-" le"- / 



= 0. 
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Hence, if we define (6, h) = L,£{a, /), then we obtain 

2 

J{x}xR-^ ~^ J{x}xM? 

for all X e W-'^ and it; G 

Proposition 3.2. Let < u < 1, {b,h) G C^,e(^'^), and rj G 5(M"-2). 

Moreover, assume that the Fourier transform of rj satisfies fi{^) = for 
ICI < ^ for some 6 > 0. Then there exists a pair {a,f ) G C^',2(M"^^ x M?) 
such that 

^eiaj) = {ri{x)b{y),r]{x)h{y)). 

Proof. We perform a Fourier transformation in the M"~^ variables. Let 

rj{x)= [ e'-^md^- 

For every ^ G M"""^, there exists a pair (a(^, ■),f{^, •)) e Cl'J(M?) such that 

2 1 

dpdpa{^, y) + ^ (DB^iy) y) - Dsi^iy) v)) 

1 

1 



p=i 



and 

2 



- ^ my)f my) + (1 - \^iy)\') hi,y) - \i? fiU) = -h{y). 



We now define a pair (a, /) by 

a{x,y)= [ e'^^f,{Omy)dC 



and 



fix,y)= [ e'''^ft{Ofi^,y)dC. 



Then the pair (a, /) satisfies 

n-2 



^ ^ -y _ -y 



i=l p=l 
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and 

n-2 



Db,pDbJ+2 Db,p^ a,-^ jV-P /+^ (1-|VP) / = h{y). 

i=l p=l p=l 

Prom this we deduce that 

L,(a,/) = (r/(x)%),r?(x)%)). 
This proves the assertion. 

Proposition 3.3. LetO<u <1, and suppose that (a, /) G f:^;J(R"~^ x R^) 
satisfies L,^{a, /) = 0. Then (a, /) = 0. 

Proof. Let (6, h) G C;I,£(M2) and C G ^(M"-^) be given. We define a function 

T] G 5(M"'~^) by r]{x) = (^{x + xq) — C(3^)- Then the Fourier transform of rj 
satisfies fi{0) = 0. We approximate rj by functions rjs such that 

UO = 

for 1^1 < S and 

vsiO = viO 

for 1^1 > 26. Using the condition 77(0) = 0, we obtain 
||L»"-2(^-r?5)|| P , <C(5^"'^, 

hence 

||(l + |x|)"-2 iri-ris)\\^,^^„.,^<C5'- 
for all p > 2. Prom this it follows that 



n — 2 



h - mh^iun-^) < 11(1 + i^r^'-n,^,^.-., 11(1 + i^ir' iv - ^.)IL.(M»-) 



n-2 



< C5^' 
for all p > 2. This implies 

11?? - mh^R"-'^) 

as (5 — ^ 0. 

For each 5 > 0, the pair {r)s{x) b{y),r]s{x) h{y)) belongs to the image of 
Since (a, /) belongs to the kernel of L^, we obtain 

/ e"^ {a{x,y),r]5{x)b{y)) + {f{x,y),risix)h{y))=0. 
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Letting 5 —>■ 0, we obtain 

/ {a{x, y), r){x) h{y)) + [ {f{x, y),r){x) h{y)) = 0. 

Prom this it follows that 

/ e2^a(x,2/),C(x)6(y))+ / (/(a;,y),C(ar)My)) 

= / e"^ {a{x - xo,y),C{x)b{y)) + {f{x-xo,y)X{x)h{y)). 

^R"-2xR2 iR"-2xR2 

Since (b, h) and C, are arbitrary, we conclude that a{x,y) = a{x — xo,y) and 
f{x,y) = fix — xo,y). Therefore, a{x,y) and f{x,y) are constant in x. 
Using Proposition 2.1, we obtain 

(a,/) = {Fb{w, ■),Db,w^) 
for some w; G M^. This proves the assertion. 

Proposition 3.4. Let < < 1. Then we have the estimate 

||(a,/)|lc2.7(Kn-2xR2) < C £^ I /) I |c;i,e (IR"-2 xIR2) 

for all (a,/) Gf^lJlM"-^ xM2). 

Proof. By Schauder estimates, it suffices to show that 

sup e~ {e\a{x,y)\ + \ f{x,y)\) < C sup e e~ {e\h{x,y)\ + \h{x,y)\), 



where (6, h) = L£(a, /). To prove this estimate, we argue by contradiction. 
Let {a'^^\ be a sequence of pairs such that 

sup e^^ (£|a(^')(x,y)| + |/(^')(x,y)|) = l 

and 

sup e^e"^ + \h^'\x,y)\) ^ 0, 

where {h^j\h^)) = L^{a(^\ f(^^). We choose a sequence of points {xj,yj) G 
X such that 

{e\a^^Hx„y,)\ + \f^^\x„y,)\)>^ 

for all j. There are two possibilities: 
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(i) Suppose that the sequence \yj\ is bounded. After passing to a subse- 
quence, we may assume that the sequence {a^-'\ f^-'^) converges to a pair 
(a,/) G S^l2{W-^ X M2) such that 

sup {e\a{x,y)\ + \f{x,y)\) < 1 

and 

L,(a,/) = 0. 

Using Proposition 3.3, we conclude that (a, /) = 0. This is a contradiction. 

(ii) We now assume that \yj\ —>■ oo. We define a sequence of pairs {aj,fj) 

by 

a^-'^ {x,y) = a^-'^ {x + Xj,y + yj) 

and 

P>{x,y) = e e fK3)[x + Xj,y + yj). 

After passing to a subsequence, wc may assume that the sequence {aj,fj) 
converges to a pair (a,/). The pair (a,/) is defined on R"~^ x and 
satisfies 

f-i\y\ — 

sup e ~ {£\d{x,y)\ + \ f{x,y)\) < 1 

and 

(v*Va + la,V*V/ + l/)=0. 
If n is sufficiently small, it follows that (a, /) = 0. This is a contradiction. 

Proposition 3.5. Let < u <1. Assume that {b,h) € satisfies 

[ e^{b,FBiw,-))+ [ {h,DB,n,i^) = 

/or a// X G M"~^ anc? u; G M^. Moreover, let rj G ^(M''-^). T/ien there 
exists a pair (a, /) G f^;J(R"~^ x R^) such that 

L,(a,/) = (77(x)6(y),?7(x)%)). 
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Proof. Let 

For every $, G M""^, there exists a 1-form a(^, ■) G C^jK^^) such that 
2 1 

^ a,a,a(e, y) + ^ (L'BV(y) /(C, y) - Ds^iy) /(C, y)) 

p=l ^ 

-^my)fa{C,y)-\C\'a{C,y) = -b{y) 

and 

2 2 

p=i p=i 

- ^ IV'Cy)!' /(e,y) + ^ (i - IV'(y)P) /(e,y) - leP /(e,y) = -Ky). 

Furthermore, the pair (a(C) •)> /(Cj ")) satisfies 

for all X G and all k; G M^. We now define a pair (a, /) G f^;J(R"-2 ^ 

R2) by 

a{x,y) = I e"€r}(Oa(^,y)dC 

and 

/(x,y)= / e-^7)(e)/(e,y)^^e- 

JR"-2 

Then the pair (a, /) satisfies 

^ 5i5ia + ^ ap9pa + ^ (DsV'/ - Db^ f) - iV'Pa = -r]{x)b{y) 
i=i p=i ^ ^ 

and 

ra-2 2 ^11 

t=i p=i p=i 

Thus, we conclude that 

L,(a,/) = (r?(x)6(y),??(x)%)). 
This proves the assertion. 
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Corollary 3.6. Let Q < u < I, and suppose that {b,h) € £:^,£(M"~2 x R^) 
has compact support. Then there exists a pair {a, /) G £:^;2'(M"-2 X M?) such 
that 

||(a,/)||^2,7^jg„_2^g2) < Ce"^ ||(^MIIc;i,e(M"-2xM2) 

and 

h,{a,f) = {b,h). 

Proof. It follows from Proposition 3.4 that the range of the operator : 
SllJiR""-^ X R2) -> (R"-2 X R2) is a closed subspace of the Banach 

space £'^,£(R"'~^ x R^). By Proposition 3.5, it contains all pairs of the form 
{r]{x)b{y),r]{x)h{y)), where rj G 5(R'"-2) and {b,h) G C^,£(R^) satisfies 

/ e^{b,FB{w,-))+ [ {KDb,v,^)=Q 

for all X G R""^ and all u; G R^. The assertion follows now by approxima- 
tion. 

Proposition 3.7. Let {) < v < I. Suppose that {b,h) G <f:^,e(R"-2 x R^) 
is supported in the set {{x,y) G R"~^ x R^ : |a;| < 5, \y\ < 26}. Then 
there exists a pair {a,f ) G C^'J(R"~^ x R^) such that {a, f) is supported in 
{{x,y) G R"-2 X r2 . < 26, \y\ < 46}, 

||(a,/) 11^2,7 (]U„_2xM2) < C'e^ ll(^^)llc;i,e(K"-2xR2) 

and 

\\^e{a,f) - /l)||c;i,e(K"-2xM2) < + ^) ll^llc;i,e(K"-2xM2)- 

Proof. By Corollary 3.6, there exists a pair (a,/) G £:^;J(R"-2 x r2) such 
that 

||(a,/)||^2,2(]g„_2xR2) < C'e^ ||(&, /i)|lc;i,e(K"-2xR2) 

and 

h,{a,f) = {b,h). 

Let C be a cut-off function on R"~^ such that ({x) = 1 for < 6, = 
for |x| >26, and 

sup (^|VC| +sup 6^ IV^CI < C. 
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Furthermore, let be a cut-off function on ^ satisfying ry(y) = 1 for 
\y\ < 26, ri{y) = for \y\ > AS, and 

sup 5|Vr/| + sup 6^ \V^r]\ < C. 

Then we have the estimates 

l|(^/Ca,^?C/)llc2.J(K"-2xR2) < <^e^ ll(^,Mllc;i,e(M"-2xR2) 

and 

\\^eir]Ca,riCf) - Mllc;i.,(R"-2xiR2) 

= W^eir] C a,r] C f) - ?? CLea||c;r j]j„-2xr2) 

Prom this the assertion follows. 



4 Construction of the approximate solutions 

In this section, we define a family of approximate solutions which concentrate 
near S* as e — > 0. To this end, wc identify the total space of the normal bundle 
NS with a neighborhood of the submanifold S by means of the exponential 
map 

exp :NS^M. 

Note that this identification is not isometric. To see this, we choose an 
orthonormal basis {ej : 1 < i < n — 2} for the horizontal subspace, and an 
orthonormal basis {e;^ : 1 < a < 2} for the vertical subspace. Using Jacobi's 
equation, we obtain 

n-2 2 

exp^(ei) = 7r*(ei) + ^ ^ /iii,pyp7r*(ej) 
j=i p=i 

^ n-2 2 

~ 2 ^ ^ ^''"'^ ^* ^^^^ 

j=l p,a=l 
1 ^ 

"2 ^ ^ip(T/3ypyae^ + 0(|j/|2). 

/3,p,cr=l 
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This implies 

2 

(exp^(ei),exp^(ej)) = Sij + 2^hij^pyp 

p=i 

n-2 2 

k=l p,T=l 
2 

p,a=\ 

Furthermore, we have 

(exp^(ei),exp^(e^)) = 0(|yp) 

and 

(exp^(e^),exp^(e^)) =bo,fi-- ^ Rapa^ypVa + 0{\yf). 

P,(T=1 

Let u be a section of the normal bundle NS. For every point x £ S, there is 
a unique one- vortex solution (Bjip) on NSx with center Vx- We now define 
a pair {A, (p) by 

Aie^) = B{e^), 

Aici) = -ViVpB{ej), 

and 

Proposition 4.1. The curvature of A is given by 
FA{e^,ej) = FB{ei;,ej), 
FA{ei,ei) = -SIiVpFB{e^,ei), 

and 

FA{ei, Cj) = ViVp VjVa FA{e^,e^) + + A{Cij {y - v)) , 

where Cij € hP'NS is the curvature of the normal bundle. Furthermore, the 
covariant derivative of the section (p is given by 

and 

DA,e,<P = -ViVpDB^^±tp. 
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Proof. Using the identity 
we obtain 

FA{ei,ej) = Cij + VeA{ej) - Ve^^(ei) - A{[ei, ej]) 
= dj - (ViVjVp - VjViVp) A{ej) 
+ ViVp Vjv^ (Vex^(e^) - V,xA(e^)) + A{Cij y) 
= Cij-A{Cijv) 

+ ViVp Vjv^ (V,x^(e^) - A(e^)) + A{Cij y) 
= ViVpVjVaFA{ef,e^) 
+ Cij + A{Cij{y-v)). 

This proves the assertion. 

Note that the pair {B, ip) satisfies the estimates 

< 1 - IV-P < Ce-f 
for suitable constant fi> 0. 

Throughout this paper, we will assume that the normal vector field v satis- 
fies the estimate ||w||c2,7(5) < e. 

Proposition 4.2. If the normal vector field v satisfies the estimate ||v||c2,7(5) < 
e, then the error term verifies the estimate 



(d*FA - ^ {4>Da4>-(I)Da4>), d\Da<P - ^ (1 - 101') </>) 



< c 



for some /x > 0. 

Proof. Since (S, if)) is a solution of the vortex equations on M^, we have 

2 1 

E ^e^FA{ej;,ei) + (</> i^^.e^ </> - <t> F) A,e^<t>) = 



p=l 



and 

2 



p=l 
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Furthermore, we have 

2 



p=l 

2 2 ^ 

= - E ^^^"P ( E Ve-^^A(e^, e^) + -2 (</> - ^D. 



p=i 



/3=1 



< c. 



= 0. 

Prom this it follows that 

(d*ooFA-^{4>DX^-^DA(t>),D*^<^DA4>-^{l-\<P\^) 

Here, go denotes the product metric on NS, i.e. 

5o(ej,ej) = Sij 
9o{ei,e^) = 
fo(ea,e^) = Sap- 

Let 5 be the pull-back of the Riemannian metric on M under the exponential 
map exp : NS M. Then the metric g satisfies an asymptotic expansion 
of the form 

2 

g{ei, ej) = Sij + 2 ^ hij^p yp + 0{\y\^) 
p=i 

5(e,,e^) = 0(|yp) 
g{ei,e^) = 5ap + 0{\y\''), 

where h denotes the second fundamental form of S. In particular, the volume 
form of g is related to the volume form of by 



det^i 
det^o 



l + Hpyp + 0{\y\^), 



where H is the mean curvature vector of S. Since the mean curvature of S 
is 0, we obtain 



dct g 



det^o 

Thus, we conclude that 

I (d*FA - ^ {4>'d^-1>Da4>),d*aDa<P-^ (1 - \4>\^) (t) 

This proves the assertion. 



< c. 
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5 Estimates for the operator = + T^T* in 
weighted Holder spaces 

Our aim in this section is to analyze the mapping properties of the Hnearized 
operator 

Proposition 5.1. Suppose that {b,h) G C^,e(M) is supported in the set 
{p E M : dist(p, S) < 26} and satisfies 

[ 5^(Kea),^AKei))+ / {h, DA,^ct>) = 

for all X G S and all w G NS. Then there exists a pair {a, f) G Cfi,'J{M) 
which is supported in the region {p & M : dist(p, S) < 4:6} such that 

||(a,/)|lc2.2(^)<C£2||6||c.^(M) 

and 

2 

||L,(a,/) - (6,/i)||c;i„(M) < C (5 + I + y 11(6, /i) lie,-,, (M)- 

Proof. Let {C^-^'^ : 1 ^ J £ Jo} be a partition of unity on S such that each 
function ^(■'^ is supported in a bah Bs{pj), and 

|{1 <j<jo:xe B^s{Pj)}\ < C 

for all X G S" and some uniform constant C. For each 1 < j < jo, there 
exists a pair {a^^\ f^^^) G C^'J(M) which is supported in the region {(x, y) G 
ATS : a; G -B25(pj), |y| < 4(5} such that 

and 

We now define 

jo 

(a,/) = 5;(a(^),/(^)). 



20 



Then we have the estimates 

\\{aJ)\Uj^M)<C sup \\{a^^\f'-^^)\Uj^M) 

<Ce^ sup ||(C^^')6,C^^')M||c2.(M) 

i<i<io 

<Ce'\\{b,h)\\c^^^^^M) 

and 

||L,(a,/)-(6,^)||c.^(M) <C sup ||L,(a(^-),/0-))-(C(^-)6,C(^-)^)||c.jM) 

i<j<io 

<C(S+U'^) sup ||(C(^)6,C(^)M||c2,(M) 

This proves the assertion. 



Proposition 5.2. For every {b,h) G Cj|I,£(M), there exists a pair {a, f) G 
Cl'J{M) such that 

and 

(v*Va + 1 a, V*V/ + ^ /) = 
Proof. By Schauder estimates, it suffices to show that 

sup e i — (£|a|+|/|) < Csup e ? — (^e | V*Va+^ a| + | V*V/+^ /| j . 

Suppose that there exists a sequence of positive real numbers £j and a se- 
quence of pairs {a^^\ f^^^) G C^'J(M) such that 

fj, dist(p,S) 

supe (e^- |a(^)| + |/(^)|) = 1 

and 

sup e] e (sj \y*Va^^ + ^ a^^^ \ + | V*V/(^) + ^ /^^'^ | j ^ 0. 

Then there exists a sequence of points pj G M such that 

e"^^ {e,\a^^\p,)\ + \f^=\p,)\)>\. 
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After rescaling, we obtain a sequence of pairs {d^^\f^^^) such that 
sup e-'"^''"^P'P^^ (|a(^)| + < 1 

and 

sup e-'^d'^t^P'f^-) (|V*Va(^') + d^^^\ + \V*Vp^ + ^ 0. 
Moreover, we have 

\~a^'Kpj)\ + \f^'\pj)\>\- 

Taking the hmit as j — > oo, we obtain a pair (a, /) such that 
sup 

and 

(V*Va + a,V*V/ + /) = 0. 
If n is sufficiently small, we conclude that (a, /) = 0. This is a contradiction. 

Proposition 5.3. Suppose that {b,h) G CJi^£{M) is supported in the region 
{p £ M : dist(;j, S) > 6}. Then there exists a pair (a, /) G Cfi'J{M) which is 
supported in the region {p E M : dist(p, 5) > |} such that 

ll(«'/)llc^-(M)<C£'ll(&,^)llc;i,,(M) 

and 

||L,(a,/) - (6,M||c;i,,(M) < C (I + '^ + ^~'^) mh)\\ci,iMy 
Proof. By Proposition 5.2, we can find a pair (a, /) such that 
ll(«'/)llc2;I(M)<C£'ll(^^)llc,-,,(M) 

and 

(v*Va + ^ a, V*V/ + ^ /) = h). 

Let be a cut-off function such that r]{p) = for dist(p, 5) < |, = 1 
for dist(j), iS) > (5 and 

sup S \Vr]\ + sup (5^ I V^?7| < C. 
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Then the pair [rj a, rj f) is supported in the region {peM : dist(p,5) > f} 
and satisfies 



\\^e{va,vf) - {b,h)\\c-f^^^M) 



< 
+ 



L,(r? a, 7/ /) - (V* V(r/ a) + ^ria, V* V(?7 f) + ^vf) 
(V*V(r? a)-ri V*Va, f)-r] V* V/) 



C2,e{M) 



C2,e(M) 



2 , 



<C [e ^ + 



This proves the assertion. 



In the following, we will choose (5 = £2. Let k be a cut-off function such 
that k{p) = 1 for dist(p, S) < £2 and k{p) = for dist(p, S) > 2£2 . 

Let £^il{M) be the set of all pairs (6, h) G Q^(M, iR) © ri°(M, L) such that 
{b,h) eC^^g{M) and 

4 

/ e-'K^{bie^),FA{w,e^))+ [ k {h, DA,y,cP) = 

JNS-. , JNS-. 



for all x G 5 and w € NSr- 



We denote by I — P the fibrewise projection from C2{M) to the subspace 
£2{M). Hence, for every pair (6, h) there exists a normal vector field w such 
that 

¥{h,h) = {FA{w,-),DA,yj(l>). 

Let n be the linear operator which assigns to every pair (6, h) the vector 
field 

U{b,h) = w. 
It is not difficult to show that 

mb,h)\\c.^s)<Ce'-''mh)\\e;^^^M) 

and 

lim/i)llc-,(M)<C||(b,/i)llc-,(M)- 
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Proposition 5.4. For every pair (b, h) € £'^^£{M) there exists a pair (a, /) G 
C^;I(M) such that 

||(a,/)||c2,.(^)<C£2||(6,^)||c.,(^) 

and 

\\Le{a,f) - (6,/i)llc;i,e(M) < Ce'^ ||(^, ^)|Ic2..(m)- 

Proof. Apply Proposition 5.1 to {nh^nh) and Proposition 5.3 to ((1 — 
k) b,{l-K)h). 

Proposition 5.5. For every {b,h) G £^^e{M) there exists a pair {a, f) G 

C^;I(M) such that 

\\i^J)\\cl:JiM)<Ce'\\ib,h)\\ci^^M) 

and 

(I-P)L,(a,/) = (6,/i). 

Furthermore, the pair (a, /) satisfies the estimate 

||nL,(a,/)|b(5)<C£t ||(6,^)||c7^(M)- 

Proof. By Proposition 5.4, there exists an operator S : £'^^e{M) C^'J(M) 
such that 

l|S(&'^)llcJ,I(M)<C^'ll(^MIIc^,,(M) 

and 

\\h,S{b,h) - (6,/i)||c;i„(M) < Ce-^ /i)||c;i„(m)- 
This imphes 

||nL,S(fe,/i)||c.(s) = ||n(L,§(5,/i)-(6,/i))||c.(5) <C^£^-^||(^',/i)|lc-.(M)- 
From this it follows that 

||(I-P)L,§(6,/j) - {b,h)^cJAM) < Ce^ ll(&,/i)llc;i.,(M)- 

Therefore, the operator (I - P)L£S : £ji,£{M) £'ii,e{M) is invertible. 
Hence, if we define 

(a,/) = S[(I-P)L,§]-'(5,/i), 

then (a, /) satisfies 

\\{aJ)\\cla^M)<Ce'\\b\\c.^^^M) 

and 

(I-P)L,(a,/) = (6,/i). 
This proves the assertion. 
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6 From approximate to exact solutions 

Proposition 6.1. Let v be a normal vector field along S, and let A be 
the approximate solution associated to v. Then there exists a pair {A,(f)) = 
+ a, ^ + /) such that (a, /) G C^;I(M), 

||(a,/)||c^.2(M)<C^' 

and 

(I-P) (d*F^-^ du, D\D^^-^ (1-|0|2) ^-i ^u) = 

where 

u = ed*a + j^{cf>J-^f). 

Furthermore, the pair (a, /) satisfies the estimate 

\\UL,{a,f)\\c,^S)<Cel 
Proof. We use the identity 

= ^d*FA ^ {<PD^ -^Da<I>) + \ du, D*aDa<P - ^ (1 - \^\^) <P) 
+ L,{aJ) + Q{a,f). 

Here, tlie remainder term Q{a, /) is at least quadratic in (a, /). This implies 

IIQK/)lk.(M)<C^"'ll(«>/)llc2;I(M)- 
Hence, if we define 

u = T:{a,f), 
then we obtain 

{d*F^ - ^ {4>D^ - ~4>D^4>) + \ du, D*^D^4> - ^ (1 - l^l') ^ - J 

= (d*FA - ^ {ct>D^ -1>Da4>), D*ADA<t> - ^ (1 - \^?) ^) 
+ h,{a,f) + Q{a,f). 

According to Proposition 5.5, there exists an operator G : £^^e{M) — > 
Cl'J{M) such that 
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and 

(I - F) G = I. 
We now define a mapping $ : C^',2(M) C^'^iM) by 
$(«,/) 

= _G (I - P) (^d*FA - ^ {4>D^ - ^Da4>),D\Da<P - ^ (1 - l-^l') 4>) 
-G(I-P)Q(a,/). 

Then we have the estimate 
ll^(«'/)llc2;I(M) 

< Ce^ II (I - P) (d*FA - ^ {<j>D^ -^DA<f>),D\DAcf> - (1 - l-^l') ^) 

+ Ce^\\{l-F)Q{a,f)\\cj^^^M) 



{d*FA - ^ {<^BA<i> - <^Da<^\D\Ba4> - ^ (1 - I'M') 



2^2 



for all (a,/) G C^;2(M) satisfying 



ll«llcJj(M) 
Moreover, we have 



||$(a,/) - $(a',/')||c2,j(M) < Ce^ ||Q(a,/) - Q(a', /')||c,^,,(m) 



<C£5 ||(a,/)-(a',/')|U 



c;;2(M) 



for all (a, /), (a', /') G C^;2(M) satisfying 



(«,/)llc2.J(M)' ll("''/')llcJ.I(M) 



< £2 . 



Hence, it follows from the contraction mapping principle that there exists a 
pair (a,/) € C^^^M) such that 



and 



$(a,/) = (a,/). 
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Prom this it follows that 

G (I ~ P) ^d*FA - ^ i<PDj^ -^DacI^), D\DA(t> - (1 - l*^!') ^) 
+ (a,/)+G(I-P)Q(a,/) = 0, 

hence 

(I - P) {d*FA - ^ {<t>D^ -^DacP), D*aDa<P - ^ (1 - \<P\^) <P) 
+ (I - P) L,(a, /) + (!- P) Q{a, /) = 0. 

Thus, we conclude that 

(I - P) {d*F^ - -L -4>D^^) + \ du, D*^Dj - ^ (1 - 1^1') 

= 0. 

This proves the assertion. 
Proposition 6.2. // 

F{d*F^-^ (4>^-4>D^4>)+^ du, D\D^4>-^ ^-i 0«) = 0, 

then {A, cj)) is a solution of the Ginzburg-Landau equations. 
Proof. It follows from the definition of the pair {A, cj)) that 

d*F^ = ^ (<^^ - 0L>^0) --^du 

and 

D\D^4> = ^{i-\4>\^)4> + Y4>u, 

where u satisfies u = —u. Prom this it follows that 

= -ed*d*F^ 

= {4>d^dJ4, -Jd\d^4>) + d*du 

= ~^~2 {4> 4' ~ 4' 4> u) + d*du 
= |0p u + d*du. 

Thus, we conclude that u = 0. Hence, {A, 4>) is a solution of the Ginzburg- 
Landau equations. 
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7 The balancing condition 

Proposition 7.1. Let qq he the product metric on the normal bundle NS 
(cf. Section 4)- Then we have the identity 

= Av. 

Proof. Using the results from Section 4, we obtain 

2 I 

J] V,xF^(e^,ei) + -2 {cl>DA,e,'P - (t>DA,e,(t>) 

13=1 

2 2 ^ 

p=l /3=1 

= 0. 

The Bianchi identity imphes that 

V,^^FA{e^,ei) - VexFA(e„e^) + Ve,F^(eJ^,e^) = 0. 
Furthermore, we have 

DA,e,DA^e^(^ - D j^^^a_D A,ei(t> = FA^Ci, e^) (j). 

Prom this it follows that 

n-2 2 ^ 
i=l a,/3=l 

+ Ve,(F^(e„e^),F^(e^,e^)))«;" 

ra-2 2 ^ 

1=1 a=l 
n-2 2 

= E E £'(i^A,e,i^A(ei,e^),FA(ei,e^))w;" 

i=l a,p=l 
n-2 2 

+ E T.iDA,e,DA,e,ct>,D^^^j_4>) 
1=1 a=l 

= {d*o^FA - ^ {ct>D^ - ^Da4>), Fa{w, •)) 
+ {d*^'Da<I> - 2^2 (1 - \<P\')^,DA,n,^). 

28 



We now take advantage of the identity 
r ^ 

/ J2 e'{FA{ei,ej),FA{ei;,ej))w^ 

r ^ 

= -l{ViV,w)(2 [ s^lFsf+f \Db^P\ 
= -\{^ivM(\ e'\FBf+[ \DbM'+I 

^ \ 7m2 Jr2 46^ 

= -■K{'ViV,w). 

Differentiating this identity, we obtain 

„ n-2 2 

/ EE e''^eAFAie^,ej),FA{e^,ej))w'' 

n-2 2 
n-2 „ 2 

n-2 „ 2 

+ E^^^ / Y.<DA,e,<t>,DA,,.<^)w'^ 

/n-2 2 
^ ^ e''{FA{ei,e^lFA{ei,ej))Viw'^ 
-fS^ a,/3=l 
„ n-2 2 

- / EE '^eADA,e,ct^,DA,ei(t>) ViW^ 
JNS^ .-I 1 



= — TT {Av, w). 

Thus, we conclude that 



/ e^(d*^oFA-^icpDA(l>-(f>DA<p),FA{w,-) 

= — TT (A?;, w). 
Prom this the assertion follows. 
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Proposition 7.2. The fibrewise projection of the error term to the obstruc- 
tion space satisfies the estimate 

n-2 2 n-2 2 



CT(5) 



i,j = l p,(T=l 1=1 p,(T=l 

Proof. The Riemannian metric satisfies the asymptotic expansion 

2 

g{ei,ej) = 6ij + 2 X ^ij,p Hp 
p=i 

n-2 2 

+ X X ^ik,phjk,aypya 

k=l p,(J=l 
2 

- X ^PT3ypy'^ + o{\y?) 

P,<y=l 
g{ei,ei) = 0{\y\^) 

1 ^ 

p,CT=l 

Using this as3niiptotic expansion, one can deduce Proposition 7.2 from Propo- 
sition 7.1. The details are left to the reader. 

By Proposition 6.2, it suffices to find a normal vector field v such that 
Tl(d*F^-^ {^'^-'4,Dj)+^du,D\Dj-^ = 0. 

To this end, we need the following result. 



Proposition 7.3. The pair {A, (p) satisfies 



2e2 



n-2 2 



n-2 2 



- (^'^Vp + X X ^^i'P ^'j> + X X ^p''^ 



Proof. Using the estimate 

\\i^J)\\ci',2iM)<Ce\ 



i=l p,cr=l 



< Ce4. 



Ci{S) 
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we obtain 

l|nQ(a,/)|b(s) <Cei-^|ig(a,/)||c.^(^,) <Ce3-7. 
Moreover, we have 

\\Uhe{a,f)\\c.is)<Cei. 
The assertion follows now from Proposition 7.2. 

Proposition 7.4. // S is non- degenerate, then we can choose the normal 
vector field v such that 

^{d*F^-^i4>^-jDj)+^du,D\D^4>-^{i-\4>\^)4>-l4>u)=o. 

Therefore, the pair {A, (p) corresponding to this normal vector field v is a 
solution of the Ginzhurg- Landau equations. 

Proof. Let J be the Jacobi-operator of the submanifold 5*. According to 
Proposition 7.3, we may write 

^{d*F^ - ^ {4>D^ -^D^4>) + I du, D*^Dj^4> " ^ (1 " l^l') 
= Jv + R{v), 

where ||-R(^^)||ct{S) ^ C for ||t'||c2,7(s) ^ Hence, the mapping —J^^R 
maps a ball of radius £ in the Banach space C'^'"'{S) into a ball of radius C 
in C'^''^{S). Unfortunately, Schauder's fixed point theorem cannot be applied, 
since the mapping —J~^ R need not be compact. To overcome this problem, 
we use an idea of F. Pacard and M. Ritore j25j . Using an appropriate 
sequence of smoothing operators, we may approximate the mapping —J^^ R 
by a sequence of compact mappings. Each of these mappings has a fixed 
point in C'^''^{S) by Schauder's fixed point theorem. Taking limits, we obtain 
a fixed point of the original mapping —J~^ R in the Banach space (S). 
Hence, there exists a normal vector field v € C^' 2 (5) such that Jv+R{v) = 0. 
Hence, the pair {A, 0) corresponding to that choice of the vector field v 
satisfies 

n(d*F^-^(0^-|z)^<^)+^d^x,Z)p^0-^(l-|0|2)<^-l0n) =0. 
This concludes the proof. 
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